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Abstract
We show that the hedgehog space J (ω1) cannot be embedded in any hereditarily normal
ℵ1-compact space; this gives a negative answer to a question raised by P. Gartside.
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1. On a problem of Gartside
The initial motivation for this research was the following problem of P. Gartside (see
[1, Problem 10]):
Problem. Does every metrizable space have a monotonically normal compactification?
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We refer the reader to [2] for the definition and basic properties of monotonically normal
spaces; to read this paper, one only needs to know that monotonically normal spaces are
hereditarily normal.
Some partial positive solutions to the above problem are known: every separable
metrizable space has a metrizable compactification, and from this fact it easily follows
that every locally separable metrizable space has a monotonically normal and hereditarily
paracompact compactification. On the other hand, the first author [3, Example 5.21]
constructed hereditarily paracompact compactifications for all strongly zero-dimensional
metrizable spaces, and results of Nyikos [6] show that those compactifications are also
monotonically normal (when D. Lutzer learnt of this result at the Zoltan Balogh Memorial
Conference, he came up with an alternative proof: H. Herrlich has shown that every
strongly zero-dimensional metrizable space is orderable; the Dedekind completion, with
its order topology, is a monotonically normal compactification of a linearly ordered
topological space).
Here we solve the above problem by showing that the hedgehog-space J (ω1) does not
have any hereditarily normal compactification.
For our purposes, it is convenient to define the hedgehog J (ω1) as a subspace of a
natural compactification. (In the following, we always consider a space actually contained
and not just embedded in each of its compactifications.) Let ω1 be equipped with the
discrete topology, let A(ω1)= ω1∪{∞} be the one-point compactification of the (discrete)
space ω1, and let I= [0,1] ⊂R. Denote by C0 the quotient space A(ω1)× I/A(ω1)×{0},
and denote by 0 the “corner point” A(ω1) × {0} of C0. Since the natural mapping
(a, r) → {(a, r)} is a homeomorphismA(ω1)× (0,1]→ C0  {0}, we can simplify things
by denoting a point {(a, r)} ∈ C0  {0} just by (a, r) and hence, in effect, by representing
C0 as {0} ∪ (A(ω1)× (0,1]).
The subspace J (ω1)= {0} ∪ (ω1 × (0,1]) of C0 is the (metrizable) hedgehog with ω1
spines: each “spine” Sα = {α} × (0,1] is open in J (ω1) and (naturally) homeomorphic
with the Euclidean space (0,1], while a neighbourhood base for 0 is provided by the sets
{0} ∪ (ω1 × (0, ε)), for ε > 0.
To show that J (ω1) has no hereditarily normal compactification, we first note that the
compactification C0 is not hereditarily normal.
Lemma 1. C0 is not hereditarily normal.
Proof. Let L = {1 − 1
n
: n = 2,3, . . .} and denote by S the subspace L ∪ {1} of I. Then
A(ω1)× S is a subspace of C0, and it is well known and easy to see that A(ω1)× S is not
hereditarily normal: the sets (A(ω1) {∞})× {1} and {∞} × L cannot be separated by
open sets. ✷
Note that the space C0 does have many nice properties: for example, it is easy to see
that C0 is hereditarily metacompact and Eberlein compact.
Since the space J (ω1) is not locally compact, a result of Lubben [5] shows that J (ω1)
has no smallest compactification with respect to the usual partial order  according to
which two compactifications C and K of a space X satisfy K  C in case the identity
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mapping of X can be extended to a continuous mapping C → K . However, it turns out
that C0 is the “smallest compactification” of J (ω1), in a slightly weaker sense.
Lemma 2. For any Hausdorff compactification C of J (ω1), there exists a continuous
mapping from C onto C0 which maps J (ω1) onto J (ω1) and the remainder onto the
remainder.
Proof. Since C is completely regular and 0 is a Gδ-point of C, there exists a continuous
mapping f :C→ I such that f−1{0} = {0} and f ((α,1))= 1 for each α < ω1.
Define φ :C→ C0 by setting
φ(x)=


(
α,f (x)
)
if x ∈ Sα for some α < ω1,
0 if x = 0,(∞, f (x)) if x ∈C  J (ω1).
We show that φ is continuous. For all r ∈ I and α < ω1, let
Uα,r =
{
(a,p) ∈C0: p > r and a = α
}
and
Vα,r = {0} ∪
{
(a,p) ∈ C0: p < r or a = α
};
note that all these sets form a subbase for the topology of C0. For all r ∈ I and α < ω1, we
have that φ−1(Uα,r )= (f−1(r,1]) Sα and φ−1(Vα,r )= (f−1[0, r))∪ Sα ; these inverse
images are all open in C because f is continuous and the spines Sα are open in C as well as
in C0. We have shown that φ is continuous. Clearly, we have that φ(J (ω1))⊂ J (ω1) and
that φ(C  J (ω1))⊂ C0  J (ω1). For every α < ω1, continuity of φ and connectedness
of the spine Sα show that φ(Sα)= Sα ; it follows that φ(J (ω1))= J (ω1) and, further, that
φ(C)= C0. ✷
Since (hereditary) normality is preserved under closed continuous mappings, the fol-
lowing is a consequence of Lemmas 1 and 2.
Proposition 1. J (ω1) has no hereditarily normal compactification.
2. Hereditary normal ℵ1-compactifications
We shall extend the result of the preceding section to the non-existence of hereditarily
normal ℵ1-compactifications of J (ω1). Recall that a space X is ℵ1-compact provided
every closed discrete subset of X is countable. Every Lindelöf space and every countably
compact space is ℵ1-compact. The space R ⊕ ω1, where ω1 is now equipped with its
order topology, is an example of a hereditarily normal ℵ1-compact space which is neither
Lindelöf nor countably compact.
Our results on spaces with hereditarily normal ℵ1-compactifications rely on the
following property of hereditarily normal spaces.
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Lemma 3. Let G be an open subset of a hereditarily normal space X, and let A⊂G. Then
there exists an open subset V of X such that A⊂ V and V G⊂A.
Proof. Denote by S the closed set X G and by H the open set X  (A ∩ S). The sets
A ∩ H = A  S and S ∩ H = S  A are disjoint and closed in the subspace H , and
it follows that there exist disjoint open sets V and W in H such that A ∩ H ⊂ V and
S ∩H ⊂W . The sets V and W are open in X, and we have that A⊂A∩G= A∩H ⊂ V
and V G= V ∩ S ⊂ (XW) ∩ S ⊂ (X (S ∩H))∩ S =A∩ S. ✷
Recall that a family L of subsets of a topological space X is discrete (locally countable)
provided every point of X has a neighbourhood which meets at most one member (at most
countably many members) of the family L. The family L is relatively discrete provided L
is a discrete family in the subspace
⋃L of X.
Lemma 4. Let X be a hereditarily normal ℵ1-compact space, let F be a closed Gδ-subset
of X, and let L be a relatively discrete family of subsets of X such that, for every L ∈ L,
the set L∩ F is non-open in L. Then the family L is countable.
Proof. Write F =⋂∞n=1 Un, where the sets Un are open. Denote by G the union of all
those open subsets of X which intersect at most one member of L. Note that G is open,⋃L ⊂G and L is a discrete family in G. Let A= G ∩ F . By Lemma 3, there exists an
open set V such that A⊂ V and V G⊂ A. For every L ∈ L, since L ∩ F ⊂ L ∩ V and
since the set L ∩F is not open in L, there exists a point xL ∈L ∩ V  F .
Assume that the family L is uncountable. Then there exists n 1 such that the family
K = {L ∈ L: xL /∈ Un} is uncountable. Note that the set H = {xL: L ∈K} is uncountable
and closed discrete in G. Since X is ℵ1-compact, the set H is not closed in X. Let
y ∈H H . Then y ∈H G⊂ V G⊂ A⊂ F ⊂ Un; this, however, is a contradiction,
since y ∈H and H is contained in the closed set XUn. ✷
Lemma 5. Let Z be a space with a hereditarily normal ℵ1-compactification, let S be a
closed subset of Z and let K be a family of connected subsets of Z each meeting the set S.
Then every point of the set ZS has a neighbourhoodV such that every relatively discrete
subfamily of the family {L ∈K: L∩ V = ∅} is countable.
Proof. Let X be a hereditarily normal ℵ1-compactification of Z. Let z ∈ Z  S. There
exists a continuous f :X → I such that f (z) = 0 and f (x) = 1 for each x ∈ S. Set
F = f−1{1} and V = Z ∩ f−1[0,1), and note that V is a neighbourhood of z in Z and F
is a closed Gδ-subset of X containing the set S. Lemma 4 shows that V has the desired
property, because if L ∈K is such that L∩V = ∅, then the set L∩F is a non-empty proper
closed subset of the connected set L and hence L∩ F is not open in L. ✷
Recall that a family L of subsets of a space X is a π -network at a point x of X provided
that every neighborhood of x contains some non-empty member of the family L.
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Proposition 2. Let Z be a space with a hereditarily normal ℵ1-compactification, and let L
be a relatively discrete family consisting of connected subsets of Z.
(A) For each z ∈ Z, either L is a π -network at z or L is locally countable at z.
(B) If Z is metrizable, then L is σ -locally countable.
Proof. (A) Assume that L is not a π -network at z. Then there exists an open
neighbourhood G of z which contains no member of the family K = L  {∅}. If we let
S =Z G, then Lemma 5 shows that K is locally countable at z.
(B) Assume that d is a compatible metric on Z. For n = 1,2,3, . . . , let Kn = {L ∈
L: d(L)  1
n
}, and note that Kn is not a π -network at any point of Z. By part (A), each
Kn is locally countable in Z. The (relatively discrete) family L 
⋃∞
n=1Kn consist of
singletons and hence this family is σ -discrete in the metrizable space Z. ✷
Since the familyL= {Sα : α < ω1} consisting of all spines of J (ω1) is relatively discrete
but not σ -locally countable, we get the following consequence for Proposition 2.
Corollary. J (ω1) has no hereditarily normal ℵ1-compactification.
In particular, J (ω1) has no hereditarily normal Lindelöfication and J (ω1) has no
hereditarily normal countably-compactification.
Next we shall show that Lemma 5 can be applied for certain other spaces besides J (ω1).
Recall that the spread of a topological space Y is the supremum of the cardinalities of all
discrete subspaces of Y .
Proposition 3. Let X be a space and Y a non-trivial connected space such that X× Y has
a hereditarily normal ℵ1-compactification. Then X has countable spread locally.
Proof. Let p,q ∈ Y , p = q . To apply Lemma 5, we consider the space Z = X × Y , the
closed subset S =X×{p} of Z and the familyK= {{x}×Y : x ∈X} of connected subsets
of Z each of which meets S. Note that a subfamily {{x} × Y : x ∈ A} of K is relatively
discrete in the space Z if, and only if, the subspace A of X is discrete.
Let x ∈ X. By Lemma 5, there exists a neighbourhood V of the point (x, q) in the
space Z such that every relatively discrete subfamily of the family {K ∈K: K ∩ V = ∅}
is countable. Further, there exists a neighbourhood O of x in X such that O × {q} ⊂ V .
Now every relatively discrete subfamily of the family {K ∈ K: K ∩ (O × {q}) = ∅} =
{{x} × Y : x ∈ O} is countable and this means that every discrete subspace of O is
countable. Hence the neighbourhoodO of x has countable spread. ✷
Note that if the space Y above contains a non-closed countable subset, then a result of
Kateˇtov [4] shows that the space X is also perfectly normal.
The following example shows that there exists a strongly paracompact metrizable space
Y without a hereditarily normal compactification; moreover, we have that Y =X× Iwhere
X has a monotonically normal and hereditarily paracompact compactification.
6 H. Junnila et al. / Topology and its Applications 136 (2004) 1–6
Example. There exists a metrizable space X with only one non-isolated point such that the
space X× I does not have a hereditarily normal ℵ1-compactification.
Proof. Let X = R with the topology in which 0 has the usual Euclidean neighbourhoods
and all other points are isolated. The point 0 of X has no neighbourhood with countable
spread, and Proposition 3 shows that no ℵ1-compactification of X × I is hereditarily
normal. ✷
We close this paper with two questions:
Problems.
(1) Can any non-separable connected metrizable space have a hereditarily normal
compactification?
(2) Does a metrizable space have a monotonically normal compactification provided it
has a hereditarily normal one?
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